AN INVARIANT THEORY OF SPACELIKE SURFACES IN THE 
FOUR-DIMENSIONAL MINKOWSKI SPACE 



GEORGI GANCHEV AND VELICHKA MILOUSHEVA 

Abstract. We consider spacelike surfaces in the four-dimensional Minkowski space and 
introduce geometrically an invariant linear map of Weingarten-type in the tangent plane at 
any point of the surface under consideration. This allows us to introduce principal lines and 
an invariant moving frame field. Writing derivative formulas of Frenet-type for this frame 
field, we obtain eight invariant functions. We prove a fundamental theorem of Bonnet-type, 
stating that these eight invariants under some natural conditions determine the surface up 
to a motion. 

We show that the basic geometric classes of spacelike surfaces in the four-dimensional 
Minkowski space, determined by conditions on their invariants, can be interpreted in terms of 
the properties of the two geometric figures: the tangent indicatrix, and the normal curvature 
ellipse. 

We apply our theory to a class of spacelike general rotational surfaces. 



1. Introduction 

In this paper we consider the general theory of spacelike surfaces in the four-dimensional 
Minkowski space R 4 . The basic feature of our approach to this theory is the introduction of 
an invariant linear map of Weingarten-type in the tangent plane at any point of the surface. 
Studying surfaces in the Euclidean space IR 4 , in [2] we introduced a linear map of Weingarten- 
type, which plays a similar role in the theory of surfaces in IR 4 as the Weingarten map in 
the theory of surfaces in IR 3 . We gave a geometric interpretation of the second fundamental 
form and the Weingarten map of the surface in [5]. Following our approach to the surfaces 
in IR 4 , here we develop the theory of spacelike surfaces in R 4 in a similar way. 

Let M 2 be a spacelike surface in IR 4 . Considering the tangent space T P M 2 at a point 
p E M 2 , we introduce an invariant £ gu92 of a pair of two tangents g±, g% using the second 
fundamental tensor a of M 2 . By means of this invariant we define conjugate, asymptotic, 
and principal tangents. 

The second fundamental form // of the surface M 2 at a point p G M 2 is introduced on the 
base of conjugacy of two tangents at the point. The second fundamental form II determines 
an invariant linear map of Weingarten-type 7 : T p M 2 — > T p M 2 at any point of M 2 in the 
standard way. The map 7 generates two invariants k and x. We prove that the invariant x 
is the curvature of the normal connection of the surface. The number of asymptotic tangents 
at a point of M 2 is determined by the sign of the invariant k. In the case k = there exists 
a one-parameter family of asymptotic lines, which are principal. It is interesting to note 
that the "umbilical" points, i.e. points at which the coefficients of the first and the second 
fundamental forms are proportional, are exactly the points at which the mean curvature 
vector H is zero. Minimal spacelike surfaces are characterized by the equality x 2 — k = 0. 

Analogously to IR 3 , the invariants k and x divide the points of M 2 into four types: flat, 
elliptic, hyperbolic and parabolic points. The surfaces consisting of flat points are charac- 
terized by the conditions k = x = 0. In Section H] we give a local geometric description of 
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spacelike surfaces consisting of flat points whose mean curvature vector at any point is a 
non-zero spacelike vector or timelike vector. We prove that: 

Any spacelike surface consisting of flat points whose mean curvature vector at any point 
is a non-zero spacelike vector or timelike vector either lies in a hyperplane of IR 4 or is part 
of a developable ruled surface in R|. 

We introduce the indicatrix of Dupin x & t an arbitrary (non-flat) point of a spacelike 
surface in IR 4 by means of the second fundamental form as in the theory of surfaces in 
IR 3 . Then the elliptic, hyperbolic and parabolic points of a spacelike surface M 2 in IR 4 are 
characterized in terms of the indicatrix x as m The conjugacy in terms of the second 
fundamental form coincides with the conjugacy with respect to the indicatrix x- in Section 
[3] we prove that: 

A spacelike surface M 2 is minimal if and only if the indicatrix x is a circle. 

A spacelike surface M 2 is with flat normal connection if and only if the indicatrix x ^ s a 
rectangular hyperbola (a Lorentz circle). 

In the local theory of surfaces in Euclidean space a statement of significant importance is a 
theorem of Bonnet-type giving the natural conditions under which the surface is determined 
up to a motion. A theorem of this type was proved for surfaces with flat normal connection 
by B.-Y. Chen in [TJ. In [3] we proved a fundamental theorem of Bonnet-type for minimal 
surfaces in IR 4 and in jl] we proved such a theorem for surfaces in IR 4 free of minimal points. 
Here we consider spacelike surfaces in IR 4 whose mean curvature vector at any point is a non- 
zero spacelike vector or timelike vector. Using a geometrically determined moving frame of 
Frenet-type on such a surface and the corresponding derivative formulas, we obtain eight 
invariant functions. In Section [5] and Section [6] we prove our basic Theorem 15.11 and Theorem 
16. H stating that 

Any spacelike surface whose mean curvature vector at any point is a non-zero spacelike 
vector or timelike vector is determined up to a motion in R 4 by its eight invariant functions 
satisfying some natural conditions. 

In Section [7] we apply our theory to a class of spacelike general rotational surfaces in IR 4 . 

2. Invariants of a tangent on a spacelike surface in IR 4 

We consider the Minkowski space IR 4 endowed with the metric (, ) of signature (3, 1). Let 
Oeie 2 e 3 e4 be a fixed orthonormal coordinate system in IR 4 , i.e. e\ = e\ = e\ = 1, e\ = — 1, 
giving the orientation of IR 4 . 

A surface M 2 : z = z(u, v), (u, v) G V {V C IR 2 ) in IR 4 is said to be spacelike if (, ) induces 
a Riemannian metric g on M 2 . Thus at each point p of a spacelike surface M 2 we have the 
following decomposition: 

IR 4 = T P M 2 © N P M 2 

with the property that the restriction of the metric (,) onto the tangent space T p M 2 is 
of signature (2,0), and the restriction of the metric (, ) onto the normal space N p M 2 is of 
signature (1,1). 

Let M 2 be a spacelike surface in IR 4 . The tangent space to M 2 at an arbitrary point 
p = z(u,v) of M 2 is span{z u , z v }, where (z u ,z u ) > 0, (z v ,z v ) > 0. We use the standard 
denotations E(u,v) = (z u ,z u ), F(u,v) = (z u ,z v ), G(u,v) = (z v ,z v ) for the coefficients of 
the first fundamental form 

/(A, //) := EX 2 + 2FXfi + Gfi 2 , A,/ieR. 

Since /(A, fj) is positive definite we set W = y/ EG — F 2 . 

We choose a normal frame field {fix, 712} such that (ni,ni) = 1, (n 2 ,n 2 ) = —1, and the 
quadruple {z u , z v , rii, n^} is positively oriented in IR 4 . Denote by V the standard covariant 
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Then we have the following derivative formulas: 

^ ' z u Z u = Z uu = l-\l Z u + r^-^ + C-q Til c n ^2i 
^ z u ^ v = Zuv = ^12 Z u ^12 C 12 ^1 ^12 ^2) 

^2t,^f = z vv = ^22 "I" ^22 z v + c 22 n l ~ C 22 n 2i 

where are the Christoffel's symbols. If a denotes the second fundamental tensor of M 2 , 
then we have 

cr(z u ,z u ) = c\ x n x - c 2 u n 2 , 

(2.1) cr(z u ,z v ) = c\ 2 n x - c? 2 n 2 , 

a(z v , z v ) = c\ 2 ni - c 2 2 n 2 . 

Obviously, the surface M 2 lies in a 2-plane if and only if M 2 is totally geodesic, i.e. 
c£j = 0, i,j, k = 1,2. So, we assume that at least one of the coefficients c^- is not zero. 

We shall define conjugate tangents at any point of the surface M 2 . 

Let g be a tangent at the point p G M 2 determined by the non-zero vector X = Xz u + fiz v . 
We consider the map a g : T p M 2 — > N p M 2 , defined by 

,, 2) ^-(^g.r), Y,T P M>. 

Obviously a g is a linear map, which does not depend on the choice of the non-zero vector X 
collinear with g. Using (2.1) and (2.2) we obtain the following decomposition of the normal 

vectors a g (z u ) and a g (z v ): 

\c{ 1 + fic{ 2 A c\ x + /i c\ 2 
(2 ' 3) / \ Aci 2 + fi<4 Acj 2 + ^dj 2 

Let <7i : Xl = Ai^ u + /ii^ and g 2 : X 2 = X 2 z u + /i 2 ^ be two tangents at the point 
p G M 2 . We consider the parallelograms determined by the pairs of normal vectors a gi (z u ), 
cr g2 (z v ) and a g2 (z u ), a gi (z v ) in the Lorentz plane span{ni, n 2 }. The oriented areas of these 
parallelograms are denoted by S(a gi (z u ),a g2 (z v )), and S(a g2 (z u ),a gi (z v )), respectively. We 
assign the quantity C 91,92 t° the pair of tangents g±, g 2 , defined by 

(0A , t S(a gi (z u ),a g2 (z v )) S(a g2 (z u ),a gi (z v )) 

1 > ^ 91 ' 92 W W 

Using equalities (2.3) we calculate that 
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Hence, ( gi , g2 is expressed as follows: 

LAiA 2 + M(Ai^ 2 + A*iA 2 ) + NH1H2 



(2.5) 



v //(Ai,/x 1 ) v //(A 2 ,/i2) 



Proposition 2.1. T/ie quantity ( gig2 is invariant under any change of the parameters on 
M 2 . 



Proof: Let 

u = u(u, v); 

(2.6) (u,v) eV, Del 2 

v 7 f = v(u, V), v 7 

be a smooth change of the parameters (u, u) on M 2 with J = u n v, d — u v v a 7^ 0. Then 



%u Z u U u -\- Z v V u , 

Zy Z U Uy ~\~ Z V Vy . 

If E — (z a , Zu), F = {zu, Zy) and G = (z v , z v ), then we have 

E = ulE + 2u u VuF + vlG, 

F = UyUy E + (UuVy + VyUy) F + V yV y G, 

G = u\ E + 2 UyVy F + v 2 G 

and EG — F 2 = J 2 (EG - F 2 ), hence W = eJW, e = sign J. 
Let 



o-(Zu, Zu 



c \i n i - c ii n 2, 



a(z u ,Zy) = c\ 2 m -c 2 12 n 2 , 



0~(Zy, Zy) — Tli — c 22 n 2- 

Then from (2.6) and (2.1) we find 

c k n = u\ c k n + 2u a v a c k 2 + v\ c k 



Z 22i 



= Uy Uy + (Uy Vy + Uy V y) + Vy Vy , ( jfc =1,2), 



and hence 



C 22 ~~ U v C ll ~l~ ^ U v v v c 12 "I" V ij C 22- 

Ai = J (u| Ax + m s v s A 2 + u? A 3 ) ; 

A 2 = J (2Uy Uy Al + (Uy, Vy + Uy Vy) A 2 + 2Vy, Vy A3) ] 

A 3 = J (w 2 Ax + Uy Vy A 2 + v\ A 3 ) . 
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Thus we find that the functions L, M, N are expressed as follows: 

L = e{u\ L + 2 u a vu M + v*N), 
(2.7) M = s(uuUv L + (u n Vv + v n Uy) M + v n v d N), 

N = e(ulL + 2uvVvM + v% N). 

Hence, the functions L, M, N change in the same way as the coefficients of the first funda- 
mental form E, F, G under any change of the parameters on M 2 . 

If X = Xz u + fj,z v = Xzu + fiZv, then A = u Q X + u^p, = v^X + v^p. Using (2.7) we obtain 

LAiA 2 + M(Xip 2 + piA 2 ) + Npip 2 = £ (LX1X2 + M(X 1 p 2 + A*iA 2 ) + A/>i/i 2 ) • 
Having in mind that J(A, Jl) = /(A, /j), we get 

- _ LA1A2 + M(Ai/2 2 + piX 2 ) + Npip 2 _ ^ LA1A2 + M{X\p 2 + A t iA 2 ) + Np 1 p, 2 _ £( - 

y / I{X 1 ,fl 1 )^/l(X 2 ,fl 2 ) v //(Ai,/ii) v / /(A 2 ,//2) 

Consequently, (31,92 * s invariant (up to the orientation of the tangent space or the normal 
space of the surface). □ 

Definition 2.2. Two tangents g± : X\ = Xiz u + \i\z v and g 2 '■ X 2 = X 2 z u + p 2 z v are said to 
be conjugate tangents if ( git g 2 = 0. 

Obviously, (31,32 = if and only if 

LA1A2 + M(Ai/i 2 + A2M1) + N fit/Mi = 0. 

The last formula gives us the idea to define second fundamental form II of the surface 
M 2 at p e M 2 as follows. Let X = Xz u + /iZy, (A, p) 7^ (0, 0) be a tangent vector at a point 
p e M 2 . Then 

II(X,p) = LX 2 + 2MXp + Np 2 , X,peR. 

We have already seen in the proof of Proposition 2.1 that the functions L, M, N change in the 
same way as the coefficients E, F, G under any change of the parameters on M 2 . If {nx,n 2 } 
is another normal frame field of M 2 , such that (nx,ni) = 1, (nx,n 2 ) = 0, (n 2 ,n 2 ) = — 1, then 

rii = £'(cosh#rii + sinh9n 2 ); 

n 2 = e\smh9ni + cosh9n 2 )] £ ' 

The relation between the corresponding functions and c*-, i,j,k = 1,2 is given by the 
equalities 

cjj = £'(cosh0cL - sinh0c|); 

Cy = £'{- sinh 9 cjj + cosh 9 c|); Z ' ^ ~~ ' 2 ' 

Thus, At = Ai, i = 1,2,3, and L = L, M = M, N = N. So, the functions L, M, N do 
not depend on the normal frame of the surface. Hence, the second fundamental form II is 
invariant up to the orientation of the tangent space or the normal space of the surface. 

As in the classical differential geometry of surfaces in M 3 and in the same way as in the 
theory of surfaces on IR 4 [4], the second fundamental form II determines conjugate tangents 
at a point p of M 2 . The considerations above show that the conjugacy in terms of the second 
fundamental form is the conjugacy defined by the invariant C 31,32- 

We shall assign two invariants v g and a g to any tangent g of the surface in the following 
way. Let g : X = Xz u + pz v be a tangent and g L be its orthogonal tangent, determined by 
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the vector 
(2.8) 
We define 



FX + Gn EX + Ffi 

z u + 



W 



W 



v 9 ~ Cg,g'i a g — Cg,g ± - 



We call v g the normal curvature of the tangent g, and a g - the geodesic torsion of g. 
Equalities (2.4) and (2.5) imply that 



Vn 



S(cr g (z u ),<T g (z v )) _ II{\,fj) 



Hence, the normal curvature of the tangent g is two times the oriented area of the parallel- 
ogram determined by the normal vectors cr g (z u ) and a g (z v ). The invariant v g is expressed 
by the first and the second fundamental forms of the surface in the same way as the normal 
curvature of a tangent in the theory of surfaces in M 3 . 
Using (2.5) and (2.8) we get 

X 2 (EM - FL) + Xfi(EN - GL) + fi 2 (FN - GM) 

a9 ~ wiixj) • 

Hence, a g is expressed by the coefficients of the first and the second fundamental forms in 
the same way as the geodesic torsion in the theory of surfaces in M 3 . 

We define asymptotic tangents and principal tangents as follows: 
Definition 2.3. A tangent g : X — Xz u + fiz v is said to be asymptotic if it is self-conjugate, 



Definition 2.4. A tangent g : X — Xz u + fiz v is said to be principal if it is perpendicular 
to its conjugate, i.e. a g = 0. 

The equation for the asymptotic tangents at a point p e M 2 is 

LX 2 + 2MX/J + Nfi 2 = 0. 

The equation for the principal tangents at a point p G M 2 is 

/i 2 = 0. 

A line c : u — u(q), v — v(q); q G J C K on M 2 is said to be an asymptotic line, 
respectively a principal line, if its tangent at any point is asymptotic, respectively principal. 
The surface M 2 is parameterized by principal lines if and only if F = 0, M — 0. 

3. Weingarten map of a spacelike surface in Rf 

The second fundamental form II determines a map of Weingarten-type 7 : T P M 2 — > T P M 2 
at any point of M 2 in the standard way: 



E 


F 




E 


G 




F 


G 






x 2 + 






X/2 + 






L 


M 




L 


N 


M 


N 



where 



7i 



FM-GL 
EG — F 2 ' 



FL-EM 
EG — F 2 ' 



FN -GM 
EG-F 2 ' 



FM -EN 
EG-F 2 ' 
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The linear map 7 is invariant under changes of the parameters of the surface and changes of 
the normal frame field. Hence the following statement holds. 

Lemma 3.1. The functions 

LN — M 2 1 EN + GL — 2FM 

k '-= de ^= EG=W> X:= "2 tf7= 2(EG-n 

are invariants of the surface M 2 . 
Now we shall prove 

Proposition 3.2. The function x is the curvature of the normal connection of M 2 . 

Proof: Let D be the normal connection of M 2 . For any tangent vector fields x,y and any 
normal vector field n we have the standard decomposition 

V x n = -A n (x) + D x n, 

where (A n (x),y) = (a(x,y),n). 

The curvature tensor R 1 - of the normal connection D is given by R ± (x,y)n = D x D y n — 
D y D x n — D[ Xj y]n. Then the curvature of the normal connection at a point p G M 2 is defined 
by (R ± (x, y)n 2 , rii), where {x,y,ni,n 2 } is a right oriented orthonormal quadruple. 

Without loss of generality we assume that F = and denote the unit vector fields 

x = —=, y = —=. Then we have 
v E v G 

c 1 c 2 
I \ °11 c ll 
a{x,x) = — m - — n 2 , 

1 \ c 12 c 12 

r 1 c 2 

l \ c 22 c 22 

v(y,y) = -q n i - -q n 2- 



Hence, 
(3.1) 



Using (3.1) we calculate 

,, 2 A 1 -A 1 o M){x) = I + -^-j » = K 

C 11 C 12 — C 11 C 12 1 C 12 C 22 ~~ C 12 C 22 I LW + GL 



C 11 C 12 C 11 C 12 1 C 12 C 22 C 12 C 22 N \ EN -\- GL 



Hence, 
(3.2) 



(A 2 o Ai - Ai o -A 2 )(x) = xy; 
(A 2 o Ai - Ai o A 2 )(y) = -xx. 



Note that A 2 o A\ — A 1 o A 2 is an invariant skew-symmetric operator in the tangent space, 
i.e. it does not depend on the choice of the orthonormal tangent frame field {x, y}. 
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Since the curvature tensor R' of the connection V is zero, we have 

V^V^ni - V' y V' x ni - V M rn = 0. 

Therefore the tangent component and the normal component of R'(x,y)ni are both zero. 
The normal component is D x D y n\ — D y D x rii — Du s ]ni — o~(x, A x y) + a(y, A x x). Hence, 

(3.3) D x D y n 1 - D y D x n x - D [x ^n x = a(x, A x y) - cr(y, A ± x). 

The left-hand side of (3.3) is R L {x,y)n\. Then 

(R ± (x,y)n 1 ,n 2 ) = (a(x, A 1 y),n 2 ) - (a(y, A 1 x),n 2 ) = ((A 2 oii-iio A 2 ){y),x). 

Using (3.2) we obtain that (R ± (x, y)ni, n 2 ) = — x. Since (R- L (x, y)ni, n 2 ) = —(R^i^x, y)n 2 , ri\), 
we get 

{R L {x,y)n 2 ,n x ) = x. 

The last equality implies that x is the curvature of the normal connection. □ 
The characteristic equation of the Weingarten map 7 is 

v 2 + 2xz/ + k = 0. 
Since 7 is a symmetric linear operator, the following inequality holds: 

x 2 - k > 0. 

Moreover, the equality x 2 — k = is equivalent to the conditions 

L = pE, M = pF, N = pG, peR. 

Obviously, the following equivalence at a point p G M 2 holds: 

L = M = N = k = x = 0. 

As in the theory of surfaces in IR 3 and M 4 , the invariants k and x divide the points of M 2 
into four types. A point p 6 M 2 is said to be: 

flat, if k = x = 0; 

elliptic, if k > 0; 

parabolic, if k = 0, x^O; 

hyperbolic, if < 0. 

Spacelike surfaces consisting of flat points will be considered in Section |H Further in this 
section we shall consider surfaces free of flat points, i.e. (L, M, N) ^ (0, 0, 0). 

We note that a spacelike surface M 2 has two families of orthogonal asymptotic lines if and 
only if M 2 is of flat normal connection. 

Let H = — (cr(x, x) + a(y, y)) be the normal mean curvature vector field. We recall that a 

surface M 2 is said to be minimal if the mean curvature vector H = 0. The minimal surfaces 
are characterized in terms of the invariants k and x by the following 

Proposition 3.3. Let M 2 be a spacelike surface in M.f free of flat points. Then M 2 is 
minimal if and only if 

x 2 - k = 0. 
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Proof: Without loss of generality we assume that F = and denote the unit vector fields 
x = — ;=, y = then we have 
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where p is a function on M 2 . Hence x 2 — k = 0. 
II. Let x 2 - fc = 0. Then 



G 

'E C 

A3 
G 



11) C 22 



~ c^, and hence 



Ai 



L = pE, M = pF, N = pG, 



L = pE, M = pF, N = pG; p^O. 



The condition F = implies that M = 0. Then 



-11 



-22 



r 2 r 2 

c ll c 22 



= and c\ 2 



~ 1 2 ~ 2 

/ ?C 1H C 22 — P C 11- 



Further, the equality ^ = ^ implies that p = — ^. Hence tra = 0, i.e. H = 0. □ 

EG E 

Let us note that the spacelike surfaces consisting of "umbilical" points in M.f are exactly 
the minimal surfaces. 

We shall characterize the minimal surfaces and the surfaces with flat normal connection 
in terms of a geometric figure in the tangent space at any point of a spacelike surface. 

The normal curvatures of the principal tangents are said to be principal normal curvatures 
of M 2 . If a point p G M 2 is "non-umbilical", i.e. x 2 — k > 0, we can assume that (it, v) are 

L N 

principal parameters (F — M — 0). The principal normal curvatures are v' = — , v" = — 



E 



G 



and the invariants k and x of M are expressed by the principal normal curvatures as follows: 



(3.4) 



k 



v'v"- 



v' + v" 



X 



If p G M 2 is an "umbilical" point, i.e. x 2 — k = 0, then all tangents at p are principal 
with one and the same normal curvature v. Then formulas (3.4) are also valid under the 
assumption v 1 = v" = v. 

Similarly to the theory of surfaces in IR 3 and R 4 , we consider the indicatrix \ lYy the tangent 
space T p M 2 at an arbitrary point p of M 2 , defined by 

X : v'X 2 + v"Y 2 = e, e = ±1. 
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If p is an elliptic point (k > 0), then the indicatrix \ is an ellipse. The axes of % are 

2 

collinear with the principal tangents at the point p, and the lengths of the axes are 

9 

and 



If p is a hyperbolic point (k < 0), then the indicatrix x consists of two hyperbolas. For 

the sake of simplicity we say that x is a hyperbola. The axes of x are collinear with the 

2 2 

principal tangents, and the lengths of the axes are — - — and — . 

vVI vV'l 

If p is a parabolic point (k = 0), then the indicatrix x consists of two straight lines parallel 
to the principal tangent with non-zero normal curvature. 
The following statement holds: 

Proposition 3.4. Two tangents g\ and g 2 o,re conjugate tangents of M 2 if and only if g\ 
and g 2 are conjugate with respect to the indicatrix x- 

Now we shall characterize the minimal surfaces and the surfaces with flat normal connec- 
tion in terms of the tangent indicatrix of the surface. 

Proposition 3.5. Let M 2 be a spacelike surface in M.f free of flat points. Then M 2 is 
minimal if and only if at each point of M 2 the tangent indicatrix x is a circle. 

Proof: Let M 2 be a spacelike surface in M.\ free of flat points. From equalities (3.4) it follows 
that 



x' 



2 -k 



f ll \ 2 
V — V 



Obviously x 2 — k = if and only if v' = v" . Applying Proposition 13.31 we get that M 2 is 
minimal if and only if \ is a circle. □ 

Proposition 3.6. Let M 2 be a spacelike surface in free of flat points. Then M 2 is a 
surface with flat normal connection if and only if at each point of M 2 the tangent indicatrix 
X is a rectangular hyperbola (a Lorentz circle). 

Proof: Let M 2 be a spacelike surface in M.f free of flat points. From (3.4) it follows that 
x = if and only if v" = —v'. 

If M 2 is a surface with flat normal connection, then k < 0, and hence x is a hyperbola. 

From v" = —v' it follows that the semi-axes of x are equal to . ^ , i.e. x is a rectangular 
hyperbola. 

Conversely, if x is a rectangular hyperbola, then v" = —u', which implies that M 2 is a 

surface with flat normal connection. □ 

The minimal surfaces and the surfaces with flat normal connection can also be character- 
ized in terms of the ellipse of normal curvature. 

The notion of the ellipse of normal curvature of a surface in space forms was introduced 
by Moore and Wilson [Til EG]- The ellipse of normal curvature associated to the second 
fundamental form of a spacelike surface in M.f was first considered in [9j. The ellipse of 
normal curvature at a point p of a surface M 2 is the ellipse in the normal space at the point 
p given by {a(x,x) : x £ T P M 2 , (x,x) = 1}. Let {x,y} be an orthonormal base of the 
tangent space T P M 2 at p. Then, for any v = costpx + sinijjy, we have 

(3.5) a[v, v) = H + cos 2ip h sin 2vp a(x, y), 
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where H is the mean curvature vector of M 2 at p. So, when v goes once around the unit 
tangent circle, the vector a(v,v) goes twice around the ellipse centered at H. The vectors 

°^ 2 — ~ ^ an< ^ a ^ x '> determine conjugate directions of the ellipse. 

Obviously, M 2 is minimal if and only if for each point p e M 2 the ellipse of curvature is 
centered at p. We shall give a characterization of the surfaces with flat normal connection 
in terms of the ellipse of normal curvature. 

Lemma 3.7. Let M 2 be a spacelike surface in Rf free of flat points and x, y be principal 
tangents. Then M 2 is a surface with flat normal connection if and only if a(x,x) = a(y,y). 

Proof: Let M 2 be a surface in R^ free of flat points, and parameterized by principal param- 
eters, i.e. F = M = 0. Then x = — - — . Denote x = —^=, y = — =. Since M = 0, we 

2EG VE VG 



have 



'11 °22 
'11 c 22 



and hence c\ 2 = pc\ x , c 22 = pc\ v Then A 3 = — pA 1 and N = —pL. 



G G 

I. Let M 2 be of flat normal connection, i.e. x = 0. Then, iV = ——L, and hence, p = — , 

G G ' 

which implies that c\ 2 = ^ c id c 22 = ^ c ii' Consequently, 

/ \ C 22 C 22 C ll C ll / \ 

y) = -^r^- —n 2 = — ni - —n 2 = x). 

II. Let a(x,x) = a{y,y). Then = = Using that c\ 2 = pc\ x , c\ 2 = pc 2 u , 

G G 
we get p = — , and hence N = ——L. The last equality implies x = 0, i.e. M 2 is a surface 

i? E 
of flat normal connection. □ 

Proposition 3.8. Let M 2 be a spacelike surface in R^ free of flat points. Then M 2 is a 
surface of flat normal connection if and only if for each point p e M 2 the ellipse of normal 
curvature is a line segment, which is not collinear with the mean curvature vector field. 

Proof: I. Let M 2 be a surface of flat normal connection. According to Lemma 13.71 we have 
a(x, x) — a(y, y) = 0. Then for any v = cost/; x + sin ipy, we get a(v, v ) = H + sin 2ip a(x, y). 
Hence, when v goes once around the unit tangent circle, the vector a(v, v) goes twice along 
the line segment collinear with a(x,y) and centered at H. If we assume that a(x,y) is 
collinear with H = a(x,x), we get L = M = N = 0, which contradicts the condition that 
M 2 is free of flat points. 

II. Let M 2 be a surface in R^ free of flat points such that for each point p G M 2 the 
ellipse of normal curvature is a line segment, which is not collinear with H . Without loss 
of generality we assume that M 2 is parameterized by principal parameters, and hence c\ 2 = 

P C 11> C 22 = P c ii- Then 

a(x, x) - a(y, y) = (1 - p){c\ x n x + c\ x n 2 ); 
( ' 3 ' 6 ' ) o-(x,y) = c\ 2 n x + c\ 2 n 2 . 

Since the ellipse of normal curvature is a line segment, having in mind (3.5), we get one of 
the following possibilities: 

(a) a(x, x) — a(y, y) is collinear with a(x, y). In this case from (3.6) we get c\ 2 = p~c\\\ c\ 2 = 
pc 2 i, which implies L = M = N = 0, a contradiction. 

(b) a(x, y) = 0, which implies c\ 2 = c\ 2 = 0, and hence L = M = N = 0, a contradiction. 
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(c) a(x,x) — o~(y,y) = 0. i.e. a(x,x) = a(y,y). Applying Lemma [321 we get that M 2 is 
a surface of flat normal connection. □ 



4. Spacelike surfaces consisting of flat points 

In this section we consider spacelike surfaces consisting of flat points, i.e. surfaces satisfying 
the conditions 

k(u, v) = 0, x(u,v) = 0, (u,v)eT>, 

or equivalently L(u, v) = 0, M(u, v) = 0, N(u, v) = 0, (u, v) G V. 

We shall give a local geometric description of those such surfaces whose mean curvature 
vector H at any point is: 

(1) a non-zero spacelike vector, i.e. (H,H) > 0, or 

(2) a timelike vector, i.e. {H, H) < 0. 

Theorem 4.1. Let M 2 be a spacelike surface in M.f consisting of flat points and the mean 
curvature vector at any point is a non-zero spacelike vector or timelike vector. Then either 
M 2 lies in a hyperplane ofM.f or M 2 is part of a developable ruled surface in M.f. 

Proof: Let M 2 : z = z(u,v), (u,v) G T> (T> C M 2 ) be a spacelike surface in M.f whose 
mean curvature vector at any point is a non-zero spacelike vector or timelike vector and 
L(u,v) = M(u,v) = N(u,v) = 0, (u,v) G V. For the sake of simplicity, we assume 

that the parametrization of M 2 is orthogonal, i.e. F = 0. Denote the unit vector fields 

z z 

x = —=, y = —=. The conditions L = M = N = imply that 

Ve Vg 



rank 



-11 u 12 °22 
: 11 C 12 C 22 



and the vectors cr(x, x), a(x,y), cr(y,y) are collinear. Let n be a unit normal vector field 
of M 2 , which is collinear with a(x,x), a(x,y), and o~(y,y). Hence, n is collinear with the 
mean curvature vector field H . We have the following possibilities: 

(1) n is spacelike, i.e. (n,n) = 1. 

(2) n is timelike, i.e. (n, n) = —1. 

First we shall consider the case (n, n) — 1. Denote by I the unit normal vector field such 
that {x, y, n, 1} is a positively oriented orthonormal frame field in M.\ (hence (I, I) = — 1). It 
is clear that the normal vector fields n, I are determined up to a sign. Then we have the 
following derivative formulas of M 2 : 



(4.1) 



V x x = 7iy+ fin, V x n = —v\ x — Xy —fill, 

^' x y = ~li x + An, V y n = -Ax - v 2 y - (3 2 1, 

V y x= -72 2/+ An, V^= -An, 

V y y = 72 x + v 2 n, Vyl = -fa n, 



where Ui, v 2 , A, /3i, /?2,7i, 72 are functions on M 2 

The mean 
expressed by 



The mean curvature vector field is H = — !— — - n. The Gauss curvature K of M 2 is 



(4.2) K = vx v 2 - A 2 . 
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Since the curvature tensor R' of the connection V' is zero, then the equality R'(x, y, I) — 
together with (4.1) imply that 



(4.3) 



vifo- A/3i = 0; 
-A/3 2 + ^ 2 A = 0. 



We have two subcases: 

(a) fli = @2 = for all (u, i>) G P. Then from equalities (4.1) it follows that 
V x l = 0; Vyl = 0, and hence / = const. Consequently, M 2 lies in a hyperplane E 3 of 
orthogonal to I. 

(b) There exists a point (uo,vo) G "D such that (3 2 (uo,vo) + /3|(m ,vo) 0. Hence, 
there exists a neighborhood V C V such that (/3 2 + 0%)\v o 0. Then, equalities (4.3) imply 
that vi v 2 — A 2 = for (u, v) G X>o- If v \ — v 2 = 0, then H = 0, which contradicts the 
assumption that (if, H) > 0. So we assume that there exists a neighborhood V C V such 
that z/ 2 |25 7^ (or ^ 0). We consider the surface M 2 = M 2 ~, which is a surface with zero 
Gauss curvature in view of (4.2). 

Let {x, y} be the ortho normal tangent frame field of M 2 , defined by 

x = cos ip x + sin (p y; 
y — — sin ip x + cos ip y, 

where tancp = — — . Then cr(x,x) = 0, cr(x,y) = 0. So, formulas (4.1) take the form 

V 2 

V^x= -7 2 y, V^/ = -iSiTi, 

V^y = 72^ + ^ 2 ™, Vy/ = -/? 2 ™> 

where I7 2 ^ 0. 

Now the equalities R'(x,y, n) = and R'(x,y, I) — imply that 

7i = 0, ft = 0. 

Hence, 

v^ = o, v^ = o, 
v^ = o, vs r / = o. 

Let p = z(uo,Vq), (uq,Vq) G D be an arbitrary point of M 2 and C\ : z(u) = z(u,vq) be the 
integral curve of the vector field x, passing through p. It follows from V^x = that c\ is 
contained in a straight line. Hence, M 2 lies on a one-parameter family of straight lines, i.e. 
M 2 lies on a ruled surface. Moreover, since V^n = and V w l = then the normal space 
span{n, 1} of M 2 is constant at the points of C\ and hence, the tangent space span {x, y} 
of M 2 at the points of c\ is one and the same. Consequently, M 2 is part of a developable 
surface. 

Now we shall consider the case (n,n) = —1. Denote by b the unit normal vector field 
such that {x, y, b, n) is a positively oriented orthonormal frame field in Rf (hence {b, b) = 1). 
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The normal vector fields b, n are determined up to a sign. In this case we have the following 
derivative formulas of M 2 : 

V' x b = -fa n, 

V;6= -fan, 
V x n = -v\ x — A y — /3± b, 
V y n = -\x - v 2 y - /3 2 b, 

M 2 . 

The mean curvature vector field is H = n. The Gauss curvature K of M 2 is 

2 

K = — V\ v 2 + A 2 . As in the previous case, using that R'(x, y,b) — from equalities (4.4) we 
obtain equalities (4.3) which imply that there are two subcases: 

(a) p x = f3 2 = for all (u,v) G V. Then V x b = 0; V y b = 0, and hence b = const. 
Consequently, M 2 lies in a hyperplane E 3 of orthogonal to b. 

(b) There exists a point (u ,v ) G V such that fi 2 (u ,v ) + /3|(-u ,v ) ^ 0. In the 
same way as in the first case we obtain that in a neighborhood T> C T> the surface M 2 = M 2 ^ 
is part of a developable surface. □ 



V x x = l\y~v\n, 

( 4 ' 4 ) T7> \ 

V y x= -721/ -An, 
V y y = 72 x -v 2 n, 

where v\, v 2 , A, f3\, j3 2 ,^i, 72 are functions on 1 



5. Spacelike surfaces whose mean curvature vector at any point is a 

non-zero spacelike vector 

z z 

Let M 2 be a spacelike surface parameterized by principal lines and x = y ~ 



'E 

The equality M = implies that the normal vector fields a(x,x) and a(y,y) are collinear. 
Hence, there exists a geometrically determined normal frame field n, such that a(x, x) and 
a(y, y) are collinear with n. Then we have the following formulas: 

a(x, x) = v\ n; 
<r(y,y) = v 2 n, 



where v\, v 2 are invariant functions. The mean curvature vector field is expressed as follows: 

rr V ± + V 2 

H = n. 

2 

Let M 2 be free of minimal points, i.e. H 7^ at each point of M 2 . We have the following 
possibilities for the mean curvature vector field: 

(1) H is spacelike, i.e. {H, H) > 0. 

(2) H is timelike, i.e. (H, H) < 0. 

(3) H is lightlike, i.e. (H, H) = 0. 

In this section we shall consider spacelike surfaces whose mean curvature vector at any 

point is a non-zero spacelike vector. Let x, y be the principal tangent vector fields. We 

H 

denote by b the unit normal vector field b = =. We have (b, b) = 1 and b is collinear 

with a(x,x) and a(y,y). Denote by I the unit normal vector field such that {x, y,b, 1} is 
a positively oriented orthonormal frame field in M.f (hence (1,1) = — 1). Thus we obtain a 
geometrically determined orthonormal frame field {x, y,b, 1} at each point p G M 2 . With 
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respect to the frame field {x, y, b, 1} we have the following formulas: 

a(x, x) = V\ b; 

(5.1) <r(x,y) = \b- fil] 

v(y,y) = "2b, 

where fx, u 2 , A, n are invariant functions, v\ = (a(x, x),b), v 2 = (o~(y,y),b), A = (a(x,y),b), 
H = (a(x,y),l). 

The invariants k, x, and the Gauss curvature K of M 2 are expressed by the functions 
Ui, v 2 , A, [i as follows: 

(5.2) k = —Av x v 2 /J 2 , x = (fx — v 2 )n, K = v x v 2 - A 2 + /j 2 . 

Since x 2 — k > 0, equalities (5.2) imply that [i ^ 0. 

The normal mean curvature vector field of M 2 is H = -^—^ — - b. Taking into account (5.2) 
we obtain that the length \\H\\ of the mean curvature vector field is given by the formula 



i*ii= ^ 



which shows that \\x\ is expressed by the invariants k, x and the mean curvature function. 

Now we shall discuss the geometric meaning of the invariant A. Let M be an n-dimensional 
submanifold of (n + m)-dimensional Riemannian manifold M and ^ be a normal vector field 
of M. In [1] B.-Y. Chen defined the allied vector field a(£) of ^ by the formula 

a(0 = Hf{tr(M)K tl 

k=2 

where {^i = jj^jj-, ^2, ^m} is an orthonormal base of the normal space of M, and Ai = 

A^., i = 1, . . . ,m is the shape operator with respect to £j. In particular, the allied vector 
field a(H) of the mean curvature vector field if is a well-defined normal vector field which 
is orthogonal to H. It is called the allied mean curvature vector field of M in M. B.-Y. 
Chen defined the ^4-submanifolds to be those submanifolds of M for which a(H) vanishes 
identically p]. In [6], [7] the ^4-submanifolds are called Chen submanifolds. It is easy to 
see that minimal submanifolds, pseudo-umbilical submanifolds and hypersurfaces are Chen 
submanifolds. These Chen submanifolds are said to be trivial ^4-submanifolds. Now let 
M 2 be a spacelike surface in M.^ with spacelike mean curvature vector field. Applying the 
definition of the allied mean curvature vector field from equalities (5.1) we get 

a(H) = — — - A/i I = — A I. 



Hence, if M 2 is free of minimal points, then a(H) = if and only if A = 0. This gives the 
geometric meaning of the invariant A. It is clear that M 2 is a non-trivial Chen surface if and 
only if the invariant A is zero. 
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With respect to the geometrically determined orthonormal frame field {x, y, b, 1} we have 
the following Frenet-type derivative formulas of M 2 : 

V x x = 7 iy+^i&; V x b=-vix-\y - fa I; 

V x y = -^ l x + Xb - ill; V y b = -Xx - u 2 y - fa I; 

(5 ' 3) V;x= - l2 y + Xb-fil; V'J= -fiy - fab; 

V^y = 72 x +i*2b; Vyl = -/ix -fab, 

where 7 i = -y(hiy/E), 72 = -xQny/G), fa = (V x b,l), fa = (V' y b,l). 

Using that R'(x,y,x) = 0, R'{x,y,y) = 0, and R'(x,y,b) = 0, from (5.3) we get the 
following integrability conditions: 

1/1 v 2 - X 2 + fx 2 = x( l2 ) + y( 7l ) - (( 7l ) 2 + ( 72 ) 2 ) ; 

2^ 72 + v 1 fa - X fa = x(n); 

2fi 7 i - A fa + v 2 fa = y(fj); 

2A 72 -fj.pl - {v\ - 1*2)71 = z(A) -yiy\)\ 

2A 7 i - /i/3 2 + (^1 - ^2) 72 = -x(v 2 ) + y(A); 

7i fa - 72 /?2 + (^1 - y-i) A* = -^(^2) + y(/?i)- 

Having in mind that x = — =, y = -^=, we can rewrite the above equalities in the fol- 
lowing way: 

V X V 2 - X 2 + /i 2 = -j= ( 72 ) tt + -L ( 7l )^ _ (( 7l )2 + ( 72 )2). 

2^ 72 + ^1 #2 - A fa = -j= 



2^ 7l - A fa + v 2 fa = — = fx v ; 

v G 



1 1 

2A 72 - n fa - (z7 - v 2 ) 7l = — X u - -j= [y x ) v ; 
2A 7 i - ufa + (1/1 - z/ 2 ) 72 = --^= {v 2 )u + -y= 

7l A - 72 #2 + fa — V 2 ) fl= ~-j= (#z)u + (fa)v 

The condition fi u fi v 7^ is equivalent to (2/i 72 + 1^1 /5 2 — A/?i)(2/i 7 i — A/3 2 + ^2 A) 7^ 0. 
So, if /iu/it, 7^ 0, then 

l^u rp; 



E =- ^- _; VG 



2/u 72 + f 1 fa - A fa ' 2^u 7l - A /? 2 + ^2 A 



We shall prove the following Bonnet-type theorem for spacelike surfaces in M.f whose mean 
curvature vector at any point is a non-zero spacelike vector. 
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Theorem 5.1. Let jx, 72, v x , u 2 , A, fi, (3i, /3 2 be smooth functions, defined in a domain 
V, Del 2 , and satisfying the conditions 



(5.4) 



2fi 72 + ui (3 2 - X Pi 

l±v 

2fi 71 - A /? 2 + v 2 fi x 

- 72 vWG = (VG) U ; 

1 



>0; 
>0; 



h>x v 2 - A 2 + /r 



2A72 - /Ip! - (Ui - Z^2)7l 
2A7l - yU/3 2 + {V\ ~ ^2)72 

7i A - 72 #2 + (^1 - ^2) A 4 : 



1 



v^)« + 



At,; 



G 



where v E" 



2yU 72 + Z7 /? 2 - A /3i 



, v/G 



2/i 71 - A /3 2 + v 2 fix 



Let {x , y , b , l } be an 



orthonormal frame at a point po G 



Then there exist a subdomain V C V and a 



unique spacelike surface M 2 : z = z(u,v), (u,v) G TJ , whose mean curvature vector at 
any point is a non-zero spacelike vector. Moreover, M 2 passes through po, the functions 
lii 72, ^1, v 2 , A, fi, /3i, (3 2 are the geometric functions of M 2 and {x , y , b , l Q } is the geo- 
metric frame of M 2 at the point p . 

Proof: We consider the following system of partial differential equations for the unknown 
vector functions x = x(u, v), y = y{u, v), b = b(u, v), I = l(u, v) in : 



(5.5) 



Vu 

b u ■ 

l 'a " 



-- VE 71 y + \[E v x b x v 

■ -VE^x + VEXb- VE ill y v 
V\ x — 

-y/Epiy-VEfcb l v 



= -VG l2 y + VGXb-VG/il 
= VG"f 2 x + \fGv 2 b 
= -v^G\x-VGu 2 y-VG/3 2 l 
= -VG^x-v / Gf3 2 b 



We denote 
( x\ 

7 - y 
z - b 

\ 1 ) 



A = \f~E~ 



I 71 v x \ 

—71 A — fi 

-v x -X -fix 

\ -fJL -A / 



B = VG 



( -72 

72 

-A —v 2 

\ 



A 

^2 


-A 



—n \ 


-A 
/ 



Then system (5.5) can be rewritten in the form: 

Z U = AZ, 
Z„ = B Z. 



(5.6) 



The integrability conditions of (5.6) are 



Zuv Z vu , 
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(5.7) M_M + ^( a j 6 J_6? a J ) = , i,* = l,...,4, 

j'=i 

where a] and bj are the elements of the matrices A and S. Using (5.4) we obtain that 
equalities (5.7) are fulfilled. Hence, there exists a subset T>\ C T> and unique vector functions 
x = x(u,v), y = y(u,v), b = b(u,v), I = l(u,v), (u,v) G T>i, which satisfy system (5.5) and 
the conditions 

x(uq, v ) = x , y(u , v ) = y , b(u , v ) = b , l(u , v ) = l . 

We shall prove that x(u,v), y(u,v), b(u,v), l(u,v) form an orthonormal frame in Wf for 
each (u,v) G T>\. Let us consider the following functions: 

<pt = (x, x) - 1; ip 5 = (x, y); tpi = (y, b); 

V2 = (y,y) - 1; (p 6 = (x,b); (p g = (y,l); 

(f 3 = (6, b) - 1; (p 7 = (x, I); <p 10 = (b, I); 

y?4 = (I, I) + 1; 

defined for each (u,v) G T>\. Using that x(u,v), y(u,v), b(u,v), l(u,v) satisfy (5.5), we 
obtain the system 



difi 



3 



= «i <Pj 



(5.8) * i=l,..., 10. 

where ct^,/3/, i, j = 1, . . . , 10 are functions of (u,v) G T>\. System (5.8) is a linear system of 
partial differential equations for the functions ipi(u,v), i — 1, . . . , 10, (u, v) G T>i, satisfying 
ifi(uo,vo) = 0, i = 1, . . . , 10. Hence, tpi(u,v) = 0, i = 1,..., 10 for each (u,v) G T>\. 
Consequently, the vector functions x(u, v), y(u, v), b(u, v), l(u, v) form an orthonormal frame 
in M.f for each (it, v) G T>\. 

Now, let us consider the system 

z u = y/Ex 

(5 ' 9) = VGy 

of partial differential equations for the vector function z{u,v). Using (5.4) and (5.5) we get 
that the integrability conditions z uv = z vu of system (5.9) are fulfilled. Hence, there exists 
a subset V C T> 1 and a unique vector function z = z(u,v), defined for (u,v) G T> and 
satisfying z(u , v ) = p . 

Consequently, the surface M 2 : z = z(u,v), (u,v) G V satisfies the assertion of the 
theorem. □ 

6. Spacelike surfaces with timelike mean curvature vector field 

Now we shall consider spacelike surfaces with timelike mean curvature vector field, i.e. 
H 7^ 0, (H,H) < 0. Let x,y be the principal tangent vector fields. We denote by / the 

unit normal vector field I = We have (LI) = — 1 and I is collinear with 

a(x,x) and a(y,y). Denote by b the unit normal vector field {(b,b) = 1) such that the 
quadruple {x, y, b, 1} is a positively oriented orthonormal frame field in M.f. Thus we obtain 
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a geometrically determined orthonormal frame field {x,y,b,l} at each point p G M 2 . With 
respect to the frame field {x, y, b, 1} we have the following formulas: 

a(x, x) = —v\ I; 
a(x, y) = fib — XI; 

v(y,y)= -V2I, 

where ui,u 2 ,X,fj, are invariant functions, v\ = (a(x,x),l), v 2 = (a(y,y),l), X = (a(x,y),l), 
H = (a(x,y),b). 

The invariants k, x, and the Gauss curvature K of M 2 are expressed by the functions 
Ui, v 2 , X, fi as follows: 

(6.1) k = —Av x v 2 fi 2 , x = [vi - v 2 )fi, K = —v x v 2 + A 2 - fi 2 . 

Since x 2 — k > 0, equalities (6.1) imply that fi ^ 0. The normal mean curvature vector field 
V\ + v 2 

of M is H = — I. The allied mean curvature vector field is 

As in the previous section we see that M 2 is a non-trivial Chen surface if and only if the 
invariant A is zero. 

Now the Frenet-type derivative formulas of M 2 are: 



(6.2) 



V x x = 71 y V^,6= -fiy -fill] 

V x y = -^ix + fib - XI; V y b — —fix - (3 2 1; 

V y x = —J2y + fib —XI; VJ = — V\ x — Xy — fix b; 

y y y = 72 x -V2I; V(,J = -A x - v 2 y- f3 2 b, 



where 7l = -y(\n^E), l2 = -xQny/G), ft = (V' x b,l), /3 2 = (V' y b,l). 

Using that R'(x,y,x) = 0, R'(x,y,y) = 0, and R'(x,y,b) = 0, from (6.2) we get the 
following integrability conditions: 

-v x v 2 + X 2 -fi 2 = x( l2 ) + y( 7l ) - (( 7l ) 2 + ( 72 ) 2 ) ; 

2/i 72 + v x [5 2 - X fix = x{fi); 

2fijx - X/3 2 + v 2 f3x = y{fi); 

2Xj 2 - fifix - {v\ - ^2)71 = x(X) - y{vx); 

2A71 - fil3 2 + {yx - v 2 )^ 2 = -x(v 2 ) + y{X); 

7i 0i - 72 f% - (vi - v 2 ) (j, = -x{l3 2 ) + y((3x). 

Again the condition fi u fi v ^0 is equivalent to (2/z ■y 2 + b>x /3 2 — X f3x)(2fi 71 — A [3 2 +v 2 fix) 7^ 0. 

So, if fi u fi v ^ 0, then y/E = - — — — ; VG = - ^— — . 

2fi 72 + Pi p 2 - A fix 2fi 71 - A p 2 + v 2 fix 

In a similar way as in Section [5] we prove the following Bonnet-type theorem for spacelike 
surfaces in M.f with timelike mean curvature vector field. 



20 GEORGI GANCHEV AND VELICHKA MILOUSHEVA 

Theorem 6.1. Let 7^ 72, i>i, z^, A, //, Pi,P 2 smooth functions, defined in a domain 
V, Pel 2 , and satisfying the conditions 

^ >0; 



> 0; 



2\i 72 + v\ p 2 - A fa 

(±v 

2/i 71 - A f3 2 + ^2 p\ 
-vi u 2 + X 2 - fJ, 2 = —j= ( 72 ) u + -7= (7i), - ((7i) 2 + (7 2 ) 2 ); 



2A 72 - jtx f3i - (vi - h> 2 ) 71 = —j= A« 7= 



2A 71 - n p 2 + {vi - ^2) 72 = — 7=^ O2K + -4== A„; 



£ VG 



7i A - 72 #2 - (*7 - v 2 ) fi = \= W 2 ) u + —7= (Pi)v, 



E VG 

where \[E = ■ ^ — , \[G = ^— — . Let {x , y , b , l Q } be an 

2/i 72 + v\ p 2 - A fix 2/i 7x - A /3 2 + v 2 (3i 

orthonormal frame at a point p G Rf. T/ien £/iere exzsi a subdomain T> <zT> and a unique 
spacelike surface M 2 : z = z(u,v), (u,v) G T> , passing through po, with timelike mean 
curvature vector field, such that 71, 72, Vi, is 2 , A, fi, Pi, 02 ore the geometric functions of M 2 
and {x , y , b , l } is the geometric frame of M 2 at the point p . 



7. Examples 

In this section we shall apply our theory to a special class of spacelike surfaces in M.f. In 
[TU] C. Moore studied general rotational surfaces in M 4 . In [21 E] we considered a special case 
of such surfaces, given by 

(7.1) M. : z(u, v) = (f(u) cos av, f{u) sin av, g(u) cos /3v, g(u) sin fiv) , 

where u G J C IR, i> G [0; 27r), /(m) and g(u) are smooth functions, satisfying a 2 f 2 + P 2 g 2 > 
0, f' 2 + g' 2 > 0, and a,P are positive constants. These surfaces are general rotational 
surfaces in the sense of C. Moore with plane meridian curves. Here we shall consider a class 
of spacelike surfaces in M 4 which are analogous to (7.1). 

Example 1. Let us consider the surface M.i parameterized by 

Aii : z{u, v) = (f(u) cos av, f{u) sin av, g{u) cosh /3v, g(u) sinh /3v) , 

where f(u) and g(u) are smooth functions, satisfying a 2 f 2 {u)—P 2 g 2 {u) > 0, f' 2 {u)+g' 2 {u) > 
0, u G J C K and a, P are positive constants; w G [0; 27r). The tangent space of M.i is spanned 
by the vector fields 

= (f'( u ) cos /'l' 14 ) Sm fi , '(' u ) cosn g'i u ) smrl P^) ; 

2^ = (—af{u) sin aw, af{u) cos aw, pg(u) sinh pg(u) cosh p7>) . 

The coefficients of the first fundamental form of Aii are 

£ = f 2 {u) + </ 2 {u); F = 0; G = a 2 /V) - 0Y(u). 
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M i is a spacelike surface in M.f. We choose the following normal frame field of Ai\. 

n\ = = (</ cos av, g' sin av, —f cosh /3v, —f sinh j3v); 

Vf' 2 + 9' 2 

n 2 = —j^^=^^^ (— fig sin av, f3g cos av, af sinh (3v, af cosh f3v). 
V a2 f 2 ~ P 2 9 2 

We have (rii,ni) = 1, (n2,n 2 ) = —1. Calculating the second partial derivatives of z{u, v) 
we find the functions c& and get the coefficients L, M, N of the second fundamental form 
olM x \ 

T 2aP(gr-fg')(g'f"-fg")_ m = 0- N ~ f9 , )(a 2 fg' + P 2 gf) 



(/ /2 + S /a )(a a / 2 -W) ' (/' 2 + .9' 2 )(a 2 / 2 - W) 

Consequently, the invariants k, x, and K of .Mi are expressed as follows: 

4a 2 W - fg'fig'f" ~ fg"){o?fg> + p 2 gf) 



k 



(fi + g >i)Z(a 2 f 2 -f3 2 g 2 y 



x = U^V^WW^WgW [( " 2/2 " /5V) ° 7r ~ fY) + if2 + 9 ' 2){a2f9 ' + 02gf)]; 

(f 2 + g' 2 ) 2 (a 2 f 2 - (3 2 g 2 ) 2 

The mean curvature vector field if is collinear with ni, and hence .Mi is a spacelike sur- 
face whose mean curvature vector at any point is a non-zero spacelike vector. Note that 

.Mi is parameterized by principal parameters (u,v). Denoting x = — = y = 

y/ f' 2 (u) + g' 2 (u) 

— v = we obtain the geometric invariant functions in the Frenet-type deriva- 

^a 2 f 2 (u)-f3 2 g 2 (u) 

tive formulas of 

a 2 ff - (3 2 gg' 

7i = °; 72 = 



Vf' 2 + 9' 2 (a 2 f 2 - P 2 g 



■2) 



9'f" - f'9" a 2 fg' + fi 2 gf 

v l = — — — Ti v 2 



U' 2 + g' 2 W ' Vf' + g'^P-^g 2 ) 

<*W - fsf) 



A = 0; ii 

Pi = 0; # 



Vf' 2 + 9' 2 (n 2 f 2 - P 2 g 2 Y 

<*P(ff + 99') 
" /pT7^(a 2 / 2 - W)' 



Since the invariant A is zero, the general rotational surface .Mi is a Chen surface. In [8] 
C. Houh considered a more general class of surfaces of rotational type in R^ and found a 
subclass of Chen surfaces. 

In the special case when f(u) = cosu, g{u) = sin?/, a = (3 = 1 we obtain a spacelike 
surface lying on De Sitter space Sf = {x G Rf ; (x, x) — 1} with invariants 

4 r ^ cos 2 2w + 1 
fc = ^ — ; x = 0; a = . 

cos"' 2u cos 2 2u 

This is an example of a spacelike surface with flat normal connection and spacelike mean 
curvature vector field. 
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Example 2. Now we shall consider the surface Ai 2 parameterized by 

M. 2 '■ z(u, v) = (f(u) cos av, f(u) sin av, g{u) sinh (3v, g{u) cosh j3v) , 

where f(u) and g(u) are smooth functions, satisfying /' 2 (u)—g' 2 (u) > 0, a 2 f 2 (u)+/3 2 g 2 (u) > 
0, u G J C R and a, /3 are positive constants; v G [0;27r). The coefficients of the first 
fundamental form of A^2 are 

E = f 2 {u) -g' 2 {u); F = 0; G — a 2 f 2 (u) + f3 2 g 2 (u), 

hence A^2 is a spacelike surface in Rf . We choose the following normal frame field of M. 2 . 

ni = —j^^=^^=. {fig sin av, —figcosav, af cosh (3v, af sinh flv); 
\Jat 2 f 2 + (3 2 g 2 

n 2 = = (</ cosat>, g' sin at>, /' sinh (3v, f cosh /3t>). 

Vf 2 -9' 2 

We have = 1, (712,712) = —1. Calculating the coefficients L, M, N of the second 

fundamental form we obtain that the invariants k, x, and X of Ai 2 are expressed by the 
functions f(u), g{u) and their derivatives as follows: 

Aa 2 (3 2 (gf - fg') 2 {9'f" ~ fg"){a 2 fg' + (3 2 gf) . 



k 



(f' 2 -9' 2 ) 3 (a 2 f 2 + P 2 g 2 r 



* = 7772 aP }£,L g 'l R ,^ t(« 2 / 2 + /3¥)(<77" - /V) + (/' 2 - </ 2 )(« 2 /</ + /3V)1; 
_ (a 2 / 2 + PWMK + PgfWf" - f'g") - «W 2 - 9 ,2 ){9f - fg'f 

(/ /2_^2 )2(a 2 /2+W) 2 

In this example the mean curvature vector field H is collinear with n 2 , and hence Ai 2 is 
a spacelike surface with timelike mean curvature vector field. We note that M. 2 is parame- 
terized by principal parameters (u,v). The geometric invariant functions in the Frenet-type 
derivative formulas of M. 2 are given below: 

a 2 ff' + P 2 gg' 



7i = 0; 72 



^r 2 -g ,2 {o?f 2 + P 2 g 2 ) ' 



^1 = — — U 2 



(/ /2 -<?' 2 ) f ' ~ Vf >2 -g' 2 (a 2 f 2 + P 2 g 2 y 

<*P(fgf - gf) 



A = 0; 11 

Pi = 0; (3 2 



Vf >2 -g' 2 (* 2 f 2 + pV) ' 

<*M - ff) 
' v / / /2 -</ 2 (« 2 / 2 + pV) ' 



The surface .M2 is a spacelike Chen surface, since the invariant A is zero. 

If we choose f(u) = sinhu, g(u) = cosh-u, a = (3 = 1 we obtain a spacelike surface lying 
on the unit hyperbolic sphere Hf = {16 R^; (x,x) = —1} with invariants 

4 T ^ cosh 2 2u + 1 

ft = — ; x = 0; A = . 

cosh 2u cosh 2u 

This is a spacelike surface with flat normal connection and timelike mean curvature vector 
field. 
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